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Abstract 

The unitarity equations for the boson interaction amplitudes in the superstring 
theory are used to calculate the interaction amplitudes including the Ramond states, 
which are 10-fermion and Ramond bosons. The n-loop, 4-point amplitude with two 
massless Neveu-Schwarz bosons and two massless Ramond states is obtained explicitly. 
It is shown that, in addition, the unitarity equations require some integral relations for 
local functions determining the amplitude. For the tree amplitude the validness of the 
above integral relations is verified. 


*E-mail address: danilov@thd.pnpi.spb.ru 


0 



1 Introduction 


A calculation of interaction amplitudes with Ramond state legs (they are 10-dimensional 
fermions and Ramond bosons) for the Ramond-Neveu-Schwarz superstring 0 looks 0 0 § 
as a very complicated task. We propose to calculate the desired amplitudes from the unitarity 
equations for amplitudes of the interaction of the Neveu-Schwarz boson states. In this case 
the desired n-loop amplitude is given by integral of an expression, which is represented 
through measures and vacuum correlators on the genus-ni > n supermanifold where certain 
handles are degenerated. Now the measures and vacuum correlators are known i, i I, 0 
for any genus and for all spin structures, the Ramond sector being included. 

To obtain the desired representation of the Ramond state interaction amplitude, we 
calculate the fermion loop discontinuity in the center mass energy (is more exact, in a relevant 
by-linear 10-invariant) of the boson state amplitude. The discontinuity is represented by an 
integral of by-linear product of the amplitudes with fermions in the intermediate state. As far 
as Ramond states are constructed using Majorano-Weyl spinors [jl|, the amplitude contains 
only odd number of Dirac matrices sandwiched by spinors. A number of the above spinor 
structures is less, than number of conditions, which is possible to satisfy locally when the 
discontinuity is represented in the form of the trace of Dirac matrix products. Thus, the 
unitarity equations require, in addition, certain integral relations to be valid. 

The above calculation use some general properties of integration measures and vacuum 
correlators when certain handles are degenerated. Details of expressions given in i I, i 0 
are not cruel for the calculation. 

In the present paper we calculate the n-loop, 4-point amplitude of two massless NS bosons 
and two massless Ramond states. The n-loop amplitude is represented by the integral of 
local functions determining the integrand for the (n -|- l)-loop massless boson scattering 
amplitude in the region where one of the handles is degenerated. 

The paper is organized as follows. In section 2 expression for the boson emission ampli¬ 
tude is given along with some formulas necessary for the following consideration. In section 3 
the two-particle unitarity equations are derived. In section 4 the unitarity equations due the 
boson loop are considered. In section 5 the fermion loop unitarity equations are discussed. 
The 4-point amplitude with two NS massless bosons ant two massless Ramond states is 
calculated for any number of loops. Additional integration relations are obtained, which are 
necessary to provide the unitarity equations. The tree approximated relations are verihed. 

2 Expressions for amplitudes 

The superstring amplitude with number of loops n is given by integral of the sum over 
super-spin structures. The above super-spin structures are dehned on genus-n complex 
(1|1) supermanifold @] by the super-Schottky groups |Q, |^, ^. For 27r-twist around Re¬ 
cycle the corresponding transformation is determined by the Schottky multiplier ks along 
with two hxed points Ug = {us\fis) and Vg = (nsli^s) on the supermanifold. Here and 
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Us are Grassmann partners of local points Ug and,respectively, Vg- For the boson handle 
(the NS case), to 27r-twist around Ag-cycle the identical transformation corresponds. For 
the Ramond type handle 27r-twist around R^-cycle is performed by the transformation with 
kr = 1 and y/kr = — 1, the hxed points being the same as for the transformation assigned to 
27r-twist about R^-cycle [Q Thus, to each handle, (3|2) complex parameter correspond 
to be {kg,Us,Vg) and {fis,Us). The superstring amplitude with number of loops n is given 
by integral [§, ^ over {kg,Ug,Vs, fig, Ug) and their complex conjugated, and over interaction 
vertex coordinates tj = {zjl-dj) on the supermanifold. In doing so the {iVo} set of any 
(3|2) complex variables is hxed due to SL{2) symmetry that leads to an additional factor 
|//({A^o})P in the integrand. The above factor is given in Q]. For each superspin structure in 
amplitude of interaction m bosons, the integrand is the product Q of the integration measure 
?}) by i'b® vacuum expectation F^\{tj,tj}, {pj, e^i}, {g, g}; L, L') of the interaction 
vertex product. Here tj = {zj\{}j) is the coordinate of the j-th boson vertex and {g} is 
the set the super-Schottky group parameters. Further, pj and e^) is the momentum and, 
respectively, the polarization tensor of the j-th boson. Furthermore, L {L') is the superspin 
structure for the holomorphic (anti-holomorphic) movers. Like usual spin structure , the 
super-spin one is given by theta-function characteristics lu and / 2 s assigned to the given 
handle s. In doing so lig and l 2 g can be restricted by zero or 1/2. For the boson loop lig = 0. 
For the fermion one /i<j = 1/2 (/ 2 s = 0 and lu = 1/2 corresponds to the loop of even spin 
structure and, respectively, of the odd spin one). The n-loop amplitude for 

interaction of m bosons is given by 


{«“}) = 
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2n+2 


2^n! 


ii/({]v„})pi:zi”>,({,,5}) 


L,L’ 


{Pj}^ {?, ?}; L] L'){dqdqdtdt)' 


( 1 ) 


where g is a coupling constant, and other dehnitions have been explained above. The integra¬ 
tion is performed over (g, g) and over the interaction vertex coordinates (t, f) with t = (^|'d). 
Furthermore, (3|2) complex variables are hxed due to S'L(2)-symmetry. For the 4-point 
massless boson amplitude only even super-spin structures present (including those which 
contain even number of the fermion loops of the odd spin structure). The multiplier 1/2” is 
due to the symmetry under the Ug ^ Vg interchange of hxed points Ug and Vg for the given 
handle, and 1/n! appears due to the symmetry under the interchanging of the handles. For 
any boson variable x we dehne dxdx = d{Re x)d{Im x)/{4n). For any Grassmann variable p 
we dehne / dpp = 1. The tension of a string is equal l/vr. The normalizations are as in [^. 

Due to factorization in left, right movers [|^, the integration measure is given by [Q: 


zR({ 9.9}) = (8’r)“|detSJi,y({9.9}r°Zr({9})Z!,”'({9}) 

(n) 
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where Z^['\{q}) is a holomorphic function of {g}, and r2)//,({g, g}) is expressed through the 
^The overline denotes the complex conjugation. 


( 2 ) 
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period matrix L): 


fi£;U{9,7}) = 2«M»)({,},L') -‘^'”>({9}.-t)]. 


Hi 


(3) 


Because of the boson-fermion mixing the period matrix depends ^ on L. The holomor- 
phic function in (0) is given by 


Zh({9}) = 2'”’({9}.i)n 




,(3-2/is)/2/ 
s=l k"s (Us 


k'sl's) 


(4) 


where the theta-characteristics (/i^, l 2 s) are equal 0 or 1/2, function Z^'^\{q},L) is given in 
0, and 

n , (5) 

As it was already mentioned, {pj}, {g, g}; L; L') in is the vacuum ex¬ 

pectation of the interaction vertex product. The above vertex for the massless boson with 
a 10-momentum p = {pm} and polarizations C = {Cm} and C,' = {Cm} for left and right 
movers (M = 0,..., 9), is given (with our normalization) by O 


V(i, t] p; C) = 4:[CD{t)X (f, t)] [CD{t)X (f, t)] exp[ipX (f, t)] 


( 6 ) 


where for two 10-vectors a and b the scalar product ab = aMb^ is dehned using the ” mainly 
-|- ” metrics. Through X^{t,t) the scalar superheld of the string is denoted. Further, 
pC = pC = 0, p^ = 0, and the spinor derivative D{t) is 


D{t) = 'ddz + 


(7) 


Function {pj}, {q, q}; L; L') = F4/)({t^., tj, {pj, {eO)}) in (|) is given 

0 through the scalar superheld vacuum correlator t;, fp {g}) = X{j,l) by the 

integral over Grassmann variables {pj,fjj} assigned to the j-th boson 


{Pj}^ = / {drjdp) 


exp 






( 8 ) 


where the operator kj is kj = kj + k) with kj = 2pj((j)D{tj) and k' = 2rij Here 

C(p and C(p determine the polarization of the j-boson. So C{j)MC,[j)N ~ ^mn- particle 

momenta are implied to be ’’entering” to diagram. 

The vacuum correlator is given through Green function f'; {g}) along with the 

super-scalar functions {g}; L), having periods (s = 1,..., n): 


4:Xl,l'{ t, t] t\ t'] {g}) = (f, f'; {?}) + (f, d; {g}) + (t, t; t', t'; {g}), 


- oG) 


Hi 
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u 7'. 


(9) 
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/S(i, M.L) + { 9 }; 5})];/ 


( 10 ) 


x|J<")((';{,}iL) +{,}iL')| 


Green’s function is normalized by 

where {q}) has no a singularity ai z = z'. At t = t', as is usual, R^^\tR']{q]) 

is R^^\tR]{q}). The correlator (|^) at the same points is calculated accordingly to this 
agreement. 


3 Two-particle unitarity equations 

The domain where certain Schottky multipliers \kj\ —>■ 1 can be excluded from the inte¬ 
gration region in (|^) Then the unitarity equations are due to the region where certain 
kj —>■ 0. Two-particle cut is due to the region where only Schottky multiplier fc —0. In 
that case in (|I|) it is convenient to £x local coordinate of one of the interaction vertices, 
for example, Z 4 , along with limiting points U = (ul/i) and V = (u|zz) of the degenerated 
transformation discussed. Moreover, we take fx = u = 0. Then |if({A^"o})P in (P is given by 

0 - 

\H{{No})\^ = \iz,-u){z,-v)\\ (12) 

We calculate the discontinuities in s = —(pi+P 2 )^ = —{Ps+P^y- They arise from the region 
where both zi and Z 2 being outside the Schottky circles, go to u or to v. The contribution to 
integral from the Z 2 ^ v region is the same as from the Z 2 ^ u one. So, we consider Z 2 —> u, 
the result being multiplied by factor 2. Besides, the result needs to be multiplied by factor 
n since each of n handles can be the degenerated handle discussed. 

If Z2 —>■ u, then zi ^ u OT zi ^ v. The second case is reduced to the hrst one by the 
appropriate Schottky transformation of zi. Thus zi appears inside the circle containing u. 
Therefore we consider zi ^ u and Z2 —>■ u for zi can be both outside the Schottky circle, 
and inside it, and Z 2 lays outside of the Schottky one. In that case 

\z2 — u\ > \/li\u — u|. (13) 

This formula follows from an expression |^, ^ of the Schottky transformation through u, v 
and k at k —y 0. For simplicity we calculate that part of the discontinuity, which contains the 
tree amplitude by the {n — l)-loop one. It is determined by a conhguration where limiting 
points of remaining basic Schottky group transformations are not closed to u. We restrict 
ourselves by the discussion of the massless states. 

The singularity at A; —0 of the integration measure (P arises due to factor 
in (p. The leading singularity ~ for the NS handle (then li = 0, see section 2) is 
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cancelled for the sum over two terms ^2 = 0 and I 2 = 1/2 since (J^) is even function of ^/k. 
So the leading singularity in integral always is l/|fcp. The factor at l/\k\‘^ depends In \k\ 
by means of the period matrix (see the Appendix). Next order in degrees of k terms do 
not contribute to the massless state cuts considered. With the required accuracy we can 
present the contribution W to (|^) from discussed region as the following integral over the 
loop momentum pi of the sum of expressions factorized in initial and hnal states 

W= H ^(o)({pa}(0,PiA, A')A(„_i)(A, , (14) 

P1P2 (A,A') 


where pi + P 2 = P = Pi + P 2 = — (Ps + Pa) and the sum goes over polarizations (A, A') 
of the intermediate state for holomorphic (A) and anti-holomorphic (A') movers. The hrst 
multiplier under the sum depends on momenta and polarizations {p, ejp) = (pi, ^^^^) 

of the initial state and of the intermediate state, as well. The second one depends on 
parameters of the intermediate state and on parameters {p, e}(/) = (p 3 ,p 4 , e®, e^^^) of the 
hnal state. Both multipliers are calculated for Pi = P 2 = 0. The cut due to the nullihcation 
of a denominator (PiP^) is calculated without an effort. From the comparison of eq. ([T^) with 
the unitarity equation it follows that A(o)({p, e}(j),piA, A') and A(„_i)(A, A';pi, {p, e}(/)) are 
the tree and (n — l)-loop amplitudes. To derive (pAj) the considered contribution W to ([|) 
is hrst represented by 


W = 

P2P1 

2 




d^Zi CpZ2 , 1 

—-:— ay- exp 

dvr dvr 2 


'P1P2 


In \zi — Z 2 \ 


PiPi 


In 1^1 — u\ 


In \z 2 — u\ + 


ypV 


Ot{{p, e, Pi)Or{{p, e}(/),Pi), 


(15) 


where all of 10-vectors are Euclidian, and y = ln|/c|. Function Or{{p,e,t,t}(^i),u,u,pi) has 
the translation symmetry. In addition, by dimensional reasons, it receives multiplier 1/|^P 
if any of Zi and Z 2 is multiplied by i. Therefore, if, instead of Zi, one dehnes a new vari¬ 
able z = {zi — u)/{z 2 — u), then the dependence on Z 2 and on y is extracted in (p!5|) in the 


form of the factor 12:2 


u 


-2 


exp[a:(p^ — pD/d -|- pPi/4] where a: = In \z 2 — u\. In this case 


—cx) < p < 0 and, due to (|^, 0 < x < y/2. The integral over Z 2 and y being calculated, 
is 4:/\p‘l{pi + p^)]- Since this expression is further multiplied by the function, which is sym¬ 
metrical under pi p 2 , it can be replaced by 2(p^p2)“^. Then the required (El appears. 
The tree amplitude arises in the form of integral where interaction vertex coordinate for 
intermediate particles with the pi momentum is hxed to be (0|0), and for the remaining 
intermediate state it is (cxo|0). In integral for the [n — l)-loop amplitude, the vertex coordi¬ 
nates corresponding to the above states are hxed to be (n|0) and (m| 0). Local coordinate Z/i 
is hxed, too. To derive (E3). the vacuum expectation i) is represented by the integral (|^) 
over {drjdp). Further, at fc ^ 0, every term W of the integrand is represented by the Gauss 
integral over the loop momentum as it follows 
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W = / exp 


Go + Gip^ + Bipi 


exp Gip^ + G12P1P2 + G2PI + Bipi 


+B 2 P 2 + Go 


Oiiip, C},:Pi, {(1})0l'{{p, C},Pi, W. {?}) 

XZ["P’({(/,()}|(Z4 - m)(X4- 


( 16 ) 


where the integrand depends on the type of the degenerated loop. Factors Go, Gi and Bi 
both depend on the initial state, on ?/ = In |fc| and on {u, u). The second exponent depend on 
the hnal state and on {q} (with A; = 0 for the degenerated handle). It depends also on super¬ 
spin structures (L, L') associated with all handles, except for the degenerated handle. In (^) 
the multiplier (^) is given explicitly. Further, {p}, {(C}, {<(■'} and {t,i} denote the sets of 
momenta, polarizations and vertex coordinates for the bosons in the initial and hnal states. 
Factors Op({p}, {C},Pi, {t}, {(?}) and Oi,{{p}, {t}, {g}) arise due to an expansion in 

small A), {zi — u) and {z 2 — u) of the holomorphic or, respectively, anti-holomorphic function in 
(H) and in (H). Because of the non-holomorphic factor in (||) and due to the last term in (||), 
{A}, {?}) for n > 1 depends also on {t}, {q} and L'. Correspondingly, the 
second of the discussed factors depends on {A}, {q} and L. Both the discussed multipliers 
may be polynomial in pi. Each of multipliers is the sum of expressions factorized in the 
initial and hnal states. Factor Z^^^P{{q,q} appears due to the integration measure. Below 
we obtain expressions for the functions discussed. In deriving (|1^) we shall use following 
formulas for a determinant n-dimensional matrix and for the quadratic form JQ~^J of n 
functions Jg (where s = 1,..., n): 

m-^j = [Ji(i - , 

det VL = det{np}[flii - , (17) 

where the summation on twice repeating indexes is implied, and alphabetic indexes in (|T7|) is 
run from 2 up to n. The coefficient at JpJg (where p, s = 1,..., n) in (|^) are non other than 
the appropriate element (fl“^)ps given through elements of fl. The second formula follows 
from equation In det = trace In once trace In is calculated in terms of quantities in 

(O)- 


4 Unitarity for the boson loop 

In a case of the boson loop at A: —> 0 the scalar function J^\t-,{q}]L) = Ji(A), as well 
as elements a;*'"'^({q'}, L)ii = ujn and a;*'"'^({g}, L)i/ = ujn matrices of the periods, are ex¬ 
pressed through holomorphic Green’s function A'; {g}) = R{t,t') and scalar func¬ 

tions j|^"'~^^(A; {g}; L) = Jpt) on the genus-(n — 1) supermanifold formed by other handles 
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as follows: 


2muJii = In fc + R{U, U) + i?(V, V) - R{U, V) - R{V, U ), 
= J,(U) - J,(V ), Ji(() = R(,t, U) - R(t, V ), 


( 18 ) 


where U = (nlO) and V = (n|0). For the boson string and in the NS sector of the superstring 
T^, |T^, |T2|, 1^ these relations directly follow from a representation of the discussed 

functions by Poincare series. In particular, for the boson string the mentioned series are 
given in ^ (in its Appendix B). For the NS sector the discussed expressions are obtained 
by the replacement of an interval {zi — Z 2 ) by a superinterval {zi — Z 2 — For zero 

Grassmann moduli the relations are evidently true for the Ramond sector,too. Eqs.(|T^ are 
necessary for the unitarity equations could be to take place. So it is naturally expect that 
the relations is true even though the Grassmann moduli are arbitrary, and it is really so in 
the case (see the Appendix). 

For simplicity we assume the boson loop for both movers: li = l[ = 0. Then exponents 
in (ITO) are found to be: 


4 ^ _ 4 ^ _ 

Bi = + ipj)X{tj,ij;V,V ), B 2 = , 

i=3 i=3 

^0 = -X X! (% + + m)X{t3,t3]U,t4) , Gi2 = X{U,U-,V,V) , 

^ j,l=3 

Gi = X{V, t/; V, V) + In |n - nl , € 2 = X([/, U; U, U ), 

1 ~ 1 

Go = -(ki + ipi)(k2 + zp2)-ln |2:i - ^2 - ^ 1 ^ 2 ] , Gi = - \n\k\ , 

2 1 

Bi = + ipj)-In\zj - u\ , (19) 

i=i 


where U = {u\0),V = (n|0), kj is the same as in (||), and X{t,i]t',i') is the correlator (|]) on 
the genus-(n — 1) supermanifold. Further, Go and every term in Bi represents the genus-0 
correlator for the given points. To calculate the pre-exponent in ( 0 ). one leaves terms > 1, 
the estimation \zi — u\ ~ \z2 — u\ ~ ^J\k\ and 'di ■^2 ~ being used. In the considered 
case the pre-exponent does not depend on pi and p 2 - To check (|^, one substitutes (|T^ in 
(|T^) and calculates the integral, the result being compared with (|I]). In doing so eqs. (H) are 
used where the index ” 1” concerns to the degenerated handle. 

As an example, we consider one-loop amplitude (n = 1). Then the integration measure 
in ([I6| ) is equal to 1, and X(t,t-,t' ,i') is (Inl^i — Z2'*?i'*?2|)/2. Product of the two hrst factors 
in the pre-exponent is G(fe)({(C})0(b)({C'}) where the holomorphic function 0(6)({C}) can be 
written down as the sum over 10-vectors Ci and ^2 to be polarizations of bosons carrying 
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momentum pi and, respectively, p 2 '- 


^(b) - -C1C2 + XIC1 


(Kj + ipj)^j ^ 1 / I • \ n 

C2-(S + ^Pi)^3 


Cl:C2 


i=i 


2(^ 




U] 


X 


u — V 


r=3 


1=1 
Ks + 

s=3 


C1C2 I ; (^r “I" ipr)'&r Z 
+ ^2- 


u — V 


(20) 


Here k is the same as in (|]). In (^0]) summation is performed over all independent polar¬ 
izations. The term —2/{u — v) appears because from (|[) factor S/{u — v) appears, but not 
10 /(m — u). This term being the Faddeev-Popov ghost contribution to the unitarity equa¬ 
tions, just cancels the non-physical polarizations to ([I^) (the proof of this statement will be 
given in other place). 


For the u-loop amplitude, factor q} |^) is equal the genus-(n — 1) measure on 


the supermanifold formed by all handles, except for the degenerated handle. As for n = 1, 
the right part of (pT]) is reduced to (0) once the integration over y, ti, t 2 and fa = f to be 
performed. One can verify all the unitarity equations for boson loops, at least, for massless 
states (such check will be given in another place). 


5 Fermion loop 


We derive now the two-particle unitarity equations for a loop with fermion states in the 
holomorphic sector (/i = 1/2). Then at fc —> 0 the holomorphic Green function preserves 
the singularity at z = u and z = v. Thus, the function and, therefore, other functions in (||), 
differ from corresponding genus-(u — 1) functions. In particular. Green function i?(o)(fi,f 2 ) 
being the limit of the appropriate genus-1 one (for ^2 = 0 and for 2/2 = 1), is given by 


R{o){t,t') = \n{z - z') 




2{z - z' 



{z — u){z' — v) 
z — v){z' — u) 


+ 


{z — v){z' — u) 
(z — u)(z' — v) 


( 21 ) 


For deriving (|^) one may, for example, use genus-1 functions in [Q. The same kind singu¬ 
larity appears in the higher genus functions. When all Grassmann moduli are equal to zero 
it can be seen from expression [Q for the fermion part of the Green function. Of course, the 
singularity takes place for non-zero Grassmann modules, too (see the Appendix). It z ^ u, 
but \z' — m| ~ 1, then Green function {g}) = R{t,t') is given by 


R{t, t') = R(r){U, t') 



( 22 ) 


where R{r){UR') is its regular at z ^ u part, U = (m| 0), and 0(F) is a coefficient at the 
singularity. In this case 0(f') has no a singularity at z' ^ u due to the symmetry of the 
























Green function under the interchange between its arguments. The kindred formula arises, if 
z ^ V. The discussed singularities are due to the fermion part of the Green function, but 
for non-zero Grassmann moduli, the singularities arise also for its boson part and, hence, for 
scalar functions {g}; L). If ^ > 2 ;' —»• u, then 


R{t, t') — i?(o) (t, t') + R(rr) {U , U) 




d'4>{U) 


u] 


(23) 


u] 


where R(rr){U,U) is the regular at z' —>■ u part. The 0(G) is proportional to Grassmann 
moduli. When any of arguments of R{t,t') go to G = {u\fi = 0) or to G = (n|z/ = 0) (or 
both they does it) the Green function has no the discussed singularities since "d = 0. Then 
eqs. (p!8D are trues in the considered case, too (see the Appendix). From (|2T|) at z —>■ z' —>■ u 
and (P), Go in (P!B[) is equal to 


Go = -(ki ipi){k2 + ip2) 


-II - I - '^1^2 

2 ^ ^ 8{zi — Z 2 ) Z 2 — u ' ^ Zi — u 


Zi — U ^ IZ 2 — u 


(24) 


If the loop is the fermion one for both movers (/i = /( = 1/2), then the expression in square 
brackets is added by the term, which is a complex conjugated to last term in the above 
brackets. Other coefficients for the exponents in (pTl) are given by (|1^) where X{t,i]t',t') it 
is the limit at A; —0 of the vacuum correlator (^). Hence at z ^ u, the correlator X{t, f; t', i') 


in (H) is given by 


X{t,t;t',t') = X(,)(G,G;T,F) 
At z ^ u and z' —> u, it is equal to 

X(t, f; t', F) = Wr(G, G; G, G) - 




2^(^-m) 

79v?(G) 79V(G) 


(25) 


2 ^(^- m ) 2^{z' -u) 


(26) 


where ip{t) has no a singularity at z = u. Further, 0(G) is proportional Grassmann moduli. 
In so doing pit) depends not only on t, but also on t. If = 1/2 then discussed singular 
terms need to be added by their complex conjugated. The discussed expressions for factors 
in ([l6[) are checked by the calculation of integral ([l6|) after the substitution of (^), (^3) 
of the expressions given below for the pre-exponent. 


In particular, {{q,q} in (|T^ is given by (||) with Zj^\{q}) to be replaced byQ 


kZ^^\{q})/lQ at k = 0. In addition, u!^'^\{q},L) is replaced by ^^({g},G), whose 
elements are equal to elements [u!^'^\{q}, L)]ji for j, / = 2, ...,n at fc = 0. As in (|T7|) , 
indexes j, / = 2,..., n are assigned to non-degenerated handles. If l[ = 1/2, then Z^j^\{q}) 

2 The multiplier 1/16 in the next expression in the text presents since the multiplier 16 in (||) at 2h = 1 
arises from the trace of the Dirac matrix product in the fermion loop. 
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is replaced by {{q})/IQ at A; = 0, and {{q}, V) is replaced by ^\{q},L), its 

elements being [oi!^^\{q}, L')]ji at fc = 0. If l[ = 0, then z}7^({g}) and u^"'\{q}, V) both 
are replaced by the corresponding fnnctions on the genus-(n — 1) supermanifold. At last, 
Oi{{p, C}, Pi, {A}, {g}) is given by 


r 2 


Ol({p. o.Pi. {*}. {«}) = exp y (MiiliihA* 


i=i 


— u 


(27) 


where rjj is as in (|^), and the 10-vector \1/ depending on the hnal state parameters, is 

4 

+ ipip{V) + ip2^{U ), (28) 

i=3 

where D{t) is given by (0) and ip{t) is defined in (|2^). Like (p{U), the function piV) is 
proportional the Grassmann moduli. If l[ = 1/2, then expression for conjugated factor in 
(^) is calculated in a similar kind. If l[ = 0, then it is the same as for the boson loop. As it 
was already noted, all the expressions above are checked by their substitution in ( 0 ) with 
the following calculation of the integral over pi, the result being compared with (2). The 
desired n-loop amplitude with two Ramond states is 

(29) 

where 'ijj{p) is the Majorano-Weyl spinor, which satishes to Tn'i/lp) = ijj{p) and to the Dirac 
equation (rp)'^(p) = 0. Here T^ is the Dirac matrix, and Tn is the product of all of 
ten matrixes above. Furthermore, contains one Dirac matrix, and contains the 
anti-symmetrized product of three matrixes discussed. Hence 

Oi({p, C}.P 1 . [t], {<;}) = traceVTP + r;“>)(rpi)(rf-'> + r;”-‘>)(rp 2 )] +... (30) 

where dots denote terms, which are nullihed once the integrations in (|^ and summation 
over the spin structures are performed. Further, contains one Dirac matrix, and 

contains the anti-symmetrized product of three such matrixes. As far as 10-spinor in (p^) 
satisfy to the Weyl condition, the trace of the unity matrix is equal to 16. 

Eq. (|27|) is a 4-degree polynomial in the exponent since the exponent is the sum of products 
of Grassmann variables. Odd degrees disappear once Grassmann integration is performed. 
Even degrees being represented as (|30|) , determine the integrand for and For 

this purpose (1^) is re-written as 

= ^ - iP^ + ip[ip{y) - p{/U)], (31) 

where P = Pi + P 2 = Pi + P 2 , P = {Pi - P2)/2, 

^ + ^{U) - piU) - p{V)], (32) 
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= 2r]3Q3)D{t3)ip{t3) + 2r]^Q4)D{t4)ip{U) + i{p3 - ^ 4 )^ b(^3) - y^ih)] ■ 


Function (p{t) is defined in (|2 

OL{{pX},Pu{t}A(l}) = exp 


In that case 
2 


appears to be 


4r/r-C(r) + ^(Pl - P2) {Pi - P2) 


.r=l 


16 ^/Zr — U 


^ 2 ir]j{PC^j)) + {p4P2Wl+p2) ^ I ^1+^2 


^ + P,)p(:h - 

i=i 


- u 


(33) 


(34) 


The tree amplitude is calculated from the one -loop case where Grassmann moduli is absent. 
Representing the factor in (PR]) as (|5D|), one obtains that 


4V2r;“) = -(r|(C3C4)i(P3 -P4) - (C4P3)C3 + 



V — U V — u 

1 

1 [(C 3 (P 3 - P 4 )C 4 + (C 4 (P 3 - PyCsliv - u)^ 


.(2:3 - m)(^ 4 - u) ' {Z3- v){z4- u). 

4 {z 3 - U) {Z3 - V) {Z4 - U) {Z4 - v) 


4^2-(0) ^ [(rC3)(rC4)(r(p3 -P4))]ah3^3h4^4(i^-M)^ 
^ 4(2:3 - u) {Z3 - V) {Z4 - U) {Zi - V) 


(35) 


where [...]„ denotes the anti-symmetrized (with 1/6) expression. In (^5]) terms omitted, 
which are nullified once the Grassmann integrations are performed. As above, n or n is the 
coordinate of the fermion emission vertex with momentum pi and, respectively, p 2 - For the 
amplitude with boson momenta to be pi and p 2 , the appropriate expressions arise as the 
limit M —> 00 of (^) with the following replacement u —> u along with the replacement of 
indexes 3^1 and 4 —>• 2. Being substituted in (|^), eqs. (|3^) give (up to the normalization) 
the amplitude obtained in |^. To derive (|33|), one integrates by pert those terms in ([TB|), 
which are proportional piP 2 PiP 2 /[{,Zi — u){zi — ^ 2 )] and ? 7 i? 72 PiP 2 /[( 2^2 — 'n)(^i — : 4 ; 2 )]. The 
first term is integrated over 2 : 2 , and the second one is integrated over 2 : 1 . Due to (P4|) for 
Go; the first term turns to —? 7 i? 72 P 2 Pi/[( 2 ;i — m)( 2;2 — u)], and the second one appears to be 
ViV 2 PiPi/[{zi — u){z 2 — u)]. Being multiplied by the l /(.23 — Z 4 ) factor, expression in square 
brackets in first of eqs. (|35|) is represented either as 


2(u — u) 


(v — uy 


(v — uy 


(Z4 - u) {Z4 - v) {Z3 - Z4) (2:3 - u) {Z4 - u) (^4 “ v) (^3 - v) (2(4 - v) (2(4 - u) ’ 


(36) 


or that obtained by replacements 2:3 2:4 and v ^ u. When ([3^) is multiplied by ? 73 ? 74 P 3 P 4 , 

the first term in (^) is integrated by parts over Z 3 . Then it appears to be proportional to 


2p3P4(v - U) pspi ^ P 3 P 2 
(Z4 — u) (2:4 — v) Z3 — V Z3 — U 


(37) 
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It is useful to note that from (pTD, in the considered n = 1 case the function ip{t) in (^) is 
given by 


i^{t) = -d. 


u — V 


(z — u)(z — v) 


(38) 


For the arbitrary n (including n = 0) the term in (^) turns out from the term 

~ ^M 2 ^which arises in the expansion over the exponent in (^) from product of 
the third degree of the sum on s in (113) by $. Here is 10-component of d/. Being 
proportional to (P1P2), the discussed terms gives ~ (P1P2) terms in (l30|) , which are due to 
frace[T3°^(rpi)T3”'~^^(rpi)]. As far as spinor structure in is independent from the 

intermediate state variables, is calculated in the unique way as 


7^i”''^ = ^(rd/)(rd/)(rd/)d>. (39) 

As far as T3” and both are anti-symmetrized in Dirac matrices, in the discussed trace, 
there is no terms proportional to scalar products of those vectors, which both belong to Tg^^ 
or to For the same reason, there are no terms where each of pi and p 2 in (|30|) forms 

the scalar product with the vector belonging to the same Tg^^ or Other terms in the 

trace may arise only from those terms in the expansion of the exponent (0)> which contain 
a square of the sum over r. If Tg" is given by (^), the quadratic in {pi + P 2 ) part of 
the trace is obtained, too. The remaining terms are quadratic in {pi — p 2 )- They do not 
contained in the expansion of the exponent 0 since they do not include ~ d'd/d/d>. Hence, 
for the corresponding terms to be in the unitarity equation for the boson amplitude, the 
following integration equation must be satisfied 




16 


[ip{V)-p{U)]{P^^ + i{P^) 


-d'Md'jv(d'p)d) >= 0, (40) 


where < ... > means the integration of the explicit expression in (|40|) (for details, see eq.(|4^) 
and the text below), which is previously multiplied by the following from (pTl) factors, the 
summation over L, L') being performed. The integral is calculated over variables assigned 
to To calculate in (^), we consider trace[T^'^\rpi)Ti^~^\rpi)]. Extracting 

it from terms in (p7|), we obtain that 


= -z(Fvl/)$ + ^(FT)(PT)b(l/) - p{U )]<!>, 


(41) 


where notations are the same as in (^71). With (|4T| ) and (|4(]| ) to be taken into account, the 
remaining linear T terms in (^) originate all remaining terms in (^), except that, which is 
proportional to trace[{Tp)Ti^'^] times frace[(Fp)Tg"' In addition, it can not be originated 
by the unity in (P7|) since it does not contain T. Hence the integration relation arises to be 


< 16 -|- trace 


(Fy(n-1))(F-) 


+V 2 [ip{V) - ip{U)] [P 2 <|. + {mp) >= 0 , 


(42) 
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where, as in (|^), < ... > means integration of the explicit expression in (^) multiplied by 
all following from (plbl) factors, the summation over (L, V) being performed. Other notations 
are the same as in (^). 

Thus, the {n — l)-loop amplitude for the transition of two massless Ramond states 

(carrying pi and P 2 ) to two massless bosons with momenta and polarizations to be (pa, (C( 3 )) 
and (p 4 ,C( 4 )), is given by 


^ 0 - 1 ) 


2’^(n- 1)! 


1(^4 - u){zi - n)P ^ 

L,L' 

X OlOi, (dqdqdtdt )', 


(43) 


where p is a coupling constant, and summation is performed over super-spin structures on 
the genus-(n — 1) supermanifold. The sum includes odd superspin structures due to the 
contribution to the unitarity from the fermion loop with I 2 = 1/2. The integrand in (^) is 
expressed through functions determining the n-loop amplitude in the region where fc —>■ 0 . 
In doing so q}) is calculated through q}) as it was explained next eg. (p 6 D . 

Among other things, it depends on coordinates v and u of the fermion vertices. Further, 
is calculated through p 2 , hi, ^ 2 ), which is the expression in (||) integrated 

over {ri 3 ,p 3 ) and (174, ^4). In this case the genus-n correlator is replaced by X(f,f;T,F) 
to be the above correlator at fc ^ 0. Besides, (^ 11191 ) —> ("i^lO), (^ 2 |'d 2 ) —>■ (w|0), pi —>• pi and 
P 2 p 2 - If Pi and p 2 are carried by the Ramond bosons, then 

Oi = V4P2)(h”-'> +T;"-‘>)V'(Pi) (44) 


where 4>{p) is the spinor, and other dehnitions are given in (^) and (p]). In this case Oi, 

is calculated in the like manner. In doing so in (^51 ) is equal to p 2 ,hi,^ 2 ) 

at hi = h 2 = 0 and pi = p 2 = 0. So 

0,0,0).) (45) 

If Pi and p 2 are carried by the Ramond fermions, then either holomorphic pare, or the anti- 
holomorphic one of the state is described by boson wave function. If it is the holomorphic 
part, then Oi = 1 , and 

= / dpidp2F^i ^^\pi, h 2 , 0, 0). (46) 


Further, Of, is calculated with 


10 vviLii vrtT]). The fermion vertex coordinates are hxed to be (f|0) 

and (m| 0), along with the boson local coordinate 2 : 4 . Since ( ^31) has S'L( 2 )-symmetry, one 
could £x any other (3|2) variables, but we do not develop this topic here. 

It can be checked that with (|4D| ) and (^^ , the amplitude (^) for longitudinal boson 
emission vanishes as it is required by gauge invariance (to be shown otherwise). 
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Expressions (^) and (^) are given by (^) with replacing Oi (or Oi,, or both them) by 
fnnctions inside < ... > (or their complex conjngated). At present we check the discnssed 
relations only for the tree approximated amplitnde (^31) . Then the hrst mnltiplier nnder 
the snm symbol in (l43|) is eqnal to nnity, and other factors are calcnlated by (^4]) and (|38|) . 
For the checking, it is convenient to £x m —>■ cx) or n —> cxo. If n — >■ cx), then terms with 
V 3 ViP 3 P 4 :/[{^i~'^){^ 3 ~integrated by parts, like the expressions discnssed after eq. (|35D . 
Of conrse, the check of the relation can be performed for any u and v. In that case eq.(l3^) 
is nsed with the integration by parts leading to (^). The verifying the discnssed relations 
for loop amplitndes needs an additional stndy. 

Work is maintained by grant No. RPl-2108 of the U.S. Civilian Research and Develop¬ 
ment Fonndation for the Independent States of the Former Soviet Union (CRDF), and also 
grants No. 00-02-16691 and No. 00-15-96610 of the Rnssian Fnnds for basic Researches. 


A Green functions 


Here we argne relations (p!8D for the Ramond sector and clarify formnlas of Section 5 for the 
vacnnm correlator. For this pnrpose we nse eq. of the genns-n Green fnnction throngh 
fnnctions of genera-nj where '^i = Iii this case n handles are divided into gronps where 
the Uth gronp consists from the rii handles. Each gronp is given by the set of {q\i parameters 
of the snper-Schottky gronp. For simplicity we consider all the snper-spins strnctnres Li to 
be even (L = {Li}). Generally, to constrnct the Green fnnction, one needs solely to bnild 
an expression, which satishes known relations nnder transformations t ^ and t —>■ for 
27r-twist abont Bg and As-cycle: 


{q}) = {q}) + jW(T; {q}; L) , 

{?}) = {g}) , 


(A.l) 


where {q}) is obtained by 27r-twist abont the corresponding Schottky circle (if 

the circle is assigned to the Ramond type handle, the Green fnnction has the sqnare cut). 
Simultaneously, in doing so one determines the scalar functions. Furthermore, one determines 
the period matrix using the relations for these functions under transformations t ^ and 
t ^ tg for 27r-twist about Bg and A^-cycle. The above relations are 

{?}; L) = { 9 }; i) + 2ir»^.r({9}, i). 

{ 9 }; L) = { 9 }; L) + 2TnSr.. (A.2) 

In doing so we consider {9}) defined to be 


{ 9 }) = D{t')Rf{t,t'; {9}) (A.3) 

where the spinor derivative is dehned by (0)- We build (see Bi) a matrix operator K = 
{Kgj.} where Kg^ is an integral operator vanishing at s = r. For s fy r, the kernel of Kg^ is 
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'i {Q}s)dt'. Here is related by (|A.3|) with which is 

the non-singular part ([Tl|) of the Green function. So 


At'b, i'; {?}.) = ^ {5}.), 


d-d' 


(ns). 


(A.4) 


We define kernels together with the differential dt' = dz'dd'/27ri. The discussed operator 
performs the integration with , t'] {q}s) over t' along G^-contour, which surrounds 

the limiting points associated with the considered group r of the handles and the cuts 
between limiting points for the Ramond handles. The desired relation for the Green function 
is derived in Section 5 of For every case of interest, the expression obtained can be 
transformed to the relation, which allows to verify ( [A.l|) under the transformations assigned 
to the r-th group of the handles (Section 5 of P). To give the desired expression, we define 
[(1 — K)~^K]rsit,ti)dti to be the kernel of the operator 

{1- k)-^K = K + KK + ... 


(A.5) 


The desired Green function is given by 

+ {q}r)Rt‘\ti,t'; {q}s)dh 

_ Cs 


s^r ' 


+ EE/ K;\t,h-,{q}r)dh [{l-K)-^KUtiR2)dhRt\t,t'-,{q}s) (A.6) 

where R^^^\t,t'] {g},-) and {q}r) are total Green functions including the singular 

term in (pT]) and (|A.4|) . The scalar function {q}; L) associated with the jr handle of 

the r-th supermanifold appears to be [0] 


{9}; i) = r-) + E /„ r((i) {«},; {<)},) 

s^r ■ 


_ j{nr)i 


T{nr) I 


'fins), 


ICs 


+ EE / D{h)J^:^\h-{q}r,Lr)dh f [{l-k)-^k]p,{hR2)dt2Rt\t2,t-,{q}s).{^-7) 

The period matrix is calculated from ([A.7| ) presented to be 

{«}; L) - {«}; L) = jjyy; („{,}„ U) + f D{h)j):'\tu {,}„ U)dti 

•'C's 

+ ^ / D{R)J^k\-^d{q}riLr)dR j k]ps{hM)dt2Rt:\t2Ri to) {q}s) (A.8) 


p^r 


where to is a fixed parameter. Both z and Zq lay inside the contour, and 

Rt°\h,'tRo-,{q}s) = RLs\'tiRAq}s) , 

Jt\tMq}r;Lr) = J^k\t;{qUU) - J^k\to;{q}r;U) 


(A.9) 
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where {q'}s) is the total Green function ([TT|) including the singular term. To prove 

( |A.8|) , one, using (|A.5D , calculates the contribution from the \n[[z 2 —z — 'd 2 '&)/{,Z 2 —zo — '(} 2 '&o)] 
term due to the singularity of the Green function. The corresponding integral is transformed 
to the one along the cut between Z 2 = z — 'd 2 '& and Z 2 = zq — 'd 2 '&o- Then it is found to be 

J D{t 2 )f{t 2 )[ 0 {z 2 - z - ^2^) - {Z2 - Zq- ??2^9o)]d2;2(i^92 = f{t) - /(to) (A.10) 

where f{t) denotes either the Green function, or T^). As the results, one 


obtains ( A-7|) . From (|A-8|) , the L) element of the period matrix is found to be 


2Triuj';^l{{q}; L) = ln% + (1 - {g}^; Lr)dtJ^^^\t; {g}«; L,) 

J C^s 

+ E / D{t)J^:^^\t-,{qULr)dt [ [(l-A:)-'A:],,(t,T)c^t'jjE(t';{g}.;L,).(A.ll) 

p Cp ^ C s 


Now we use the above expressions in the case of two group of the handles present. The hrst 
group consists of solely the degenerated handle, and the second group consists of all the 
remaining ones. The genus-1 scalar function is given by 


J{t) = In ■ 


u 


z — V 


(A.12) 


To receive the hrst relation in ([l^) for the boson loop, we substitute eq. (A-12|) in ( |A-11|) 
for ujii and calculate ( |A.11| ) at A; —0. In this case the integration contour over G rounds 
the non-degenerated handles, but it can be transformed to a contour round the poles of 
J{z). Since for A: —>■ 0 the remaining part of the integrand has no singularities at z = {u,v) 
and z' = {u,v), the integral is the sum over the residues in these points. With (|A.6|) , the 
desired relation appears. To see the second relation in (|^, one uses (|A.11|) for uju where the 
integration contour over t rounds the non-degenerated handles, (|A-12|) being substituted. At 
A; ^ 0 the integral (|A.11D over t is given by the sum over the residues in z = u and z = v. 
With (|A.9|) the desired relation appears. They relation for Ji is obtained by substitution of 
( A-12|) in ( A-9| ) for Ji and the calculation it at A: 0. The integral is equal to the sum over 
the residues in z = u and z = v. With ( |A.6| ), the desired relation appears. To receive (P2|), 
we use (|A-6|) where the integration contour over ti rounds the degenerated handle. The hrst 
factor in ( |A.6|) is calculated by (|A.3|) for Green’s function (^). The regular at z ^ u part in 
(^) is given by the contribution from the pole at Zi = z = u originated by the logarithmic 
term in (|2T|). Eq.(p3|) and formulas for scalar functions are derived in the similar way. As 
the result, with (|^), expressions (1^) and (pbD appear. 
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